We study a scale-invariant model of quadratic gravity with a non-minimally coupled scalar field. We focus on cosmological solutions and find that scale invariance is spontaneously broken and a mass scale naturally emerges. Before the symmetry breaking, the Universe undergoes an inflationary expansion with nearly the same observational predictions of Starobinsky's model. At the end of inflation, the Hubble parameter and the scalar field converge to a stable fixed point through damped oscillations and the usual Einstein-Hilbert action is recovered. The oscillations around the fixed point can reheat the Universe in various ways and we study in detail some of these possibilities. * Electronic address: massimiliano.rinaldi@unitn.it † Electronic address: luciano.vanzo@unitn.it 1 arXiv:1512.07186v4 [gr-qc]
I. INTRODUCTION
The wealth of recent observational data has dramatically reduced the number of viable inflationary models and opened a debate on the possibilities that are left [1] . For instance, in the context of single-field inflation, the data from Planck [2] basically exclude all potentials of the type V ∼ φ p with p ≥ 2, thus leaving only a handful of feasible alternatives. Among these, there is the Starobinsky model [3] , which is based on a minimal extension of general relativity obtained by the addition of a term quadratic in the Ricci scalar R. Originally motivated by quantum corrections, this model has been generalised to the class of so-called f (R) gravity (see [4] [5] [6] for comprehensive reviews).
The term R 2 of the Starobinsky model is dominant over the linear term during inflation and this reflects the idea that, at very high energy, gravity is fundamentally scale-invariant.
In fact, the vacuum equations of motion obtained from the scale-invariant Lagrangian L ∼ √ gR 2 with a Robertson-Walker metric have a general solution that interpolates between an unstable radiation-dominated Universe (with R = 0) and a stable de Sitter solution (with R = const). The addition of a term proportional to R breaks the scale invariance and introduces the Planck mass together with another mass scale of the order 10 13 GeV.
It also changes the stability properties of the solution in such a way that the Universe now evolves from an unstable de Sitter solution towards an oscillating phase that opens the door to reheating via parametric amplification of the field content of the theory. The
Starobinsky model has become increasingly appealing because of its conceptual simplicity, its close connection to Higgs inflation [7] and, above all, because the predicted spectral indices are fully compatible with observations. In particular, the model predicts a tensorto-scalar ratio of the order of r 0.003, which is well inside the upper limit set by Planck (r < 0.1) and other experiments, such as the combined Keck and BICEP2 data (r < 0.07) [8] .
In this paper we propose a model where the scale invariance is broken dynamically. There is only one mass scale that emerges as the value, at a stable fixed point, of a fundamental scalar field non-minimally coupled to gravity, but the precise value of the emerging mass scale is not determined. One of the advantages of this model is that there is no need of a second mass scale, as in the Starobinsky model, but the predictions for the spectral indices are essentially the same. In addition, in the broken phase, a residual cosmological constant arises. The latter can be related to the current vacuum energy in the Universe, which leads however to unnaturally small parameters (for example, the self-coupling of the quartic scalar interaction would take the unnatural value of order 10 −122 ). Therefore the Hubble constant at the broken phase must be considered as the initial data for the following radiation-dominated era. From a conceptual point of few, it is also important to stress that the model assumes scale-invariance as a fundamental symmetry of the system, which helps to restrict the form of Lagrangian density out of a very large number of possibilities.
The present paper is also motivated by the renewed interest in scale-invariant models of gravity in the recent years. To begin with, it has been shown that the most likely form of f (R), in the absence of matter, compatible with the measured spectral indices is f ∼ R 2−δ , with 0 < δ 1 [9] , see also [10] . Other studies showed that scale-invariant gravity with quantum corrections can reproduce inflation and spectral indices in line with current observations [11] in the absence of inflaton or any other kind of matter fluid. Quantum corrections in the context of inflation have been recently considered in various approaches, see e.g. [12] [13] [14] [15] . Recently, a lot of work is being devoted to the so-called α-attractors.
This model, motivated by supergravity, provides a unified description of several inflationary models by means of a unique parameter α related to the analicity properties of the scalar potential [16] . It was shown that there exists another class of attractors that are somewhat orthogonal to these and that have the fundamental property of being quasi scale-invariant [17] , in contrast to the α-attractors. Finally, scale-invariant gravity has been investigated also in the context of black hole physics where interesting thermodynamical properties were found [18] . We emphasise throughout the paper the role of scale symmetry (or dilatations) as a global one, in contrast to local conformal symmetry in the presence of a dynamical metric which, being dependent on an arbitrary function is really to be considered as a gauge symmetry, as amply explained in [19] .
The plan of the paper is the following. In the next section we present the model, its symmetries and the equations of motion. In sec. III we study the global dynamics, the fixed points and their stability, both analytically and numerically. In sec. IV we study the inflationary phase in the Jordan frame. In sec. V we present various reheating mechanisms that can be applied to this model. In sec. VI we review the inflationary phase in the Einstein frame and we prove that the predicted spectral indices are the same as in the Starobinsky model, at least at the leading order. We finally conclude in sec. VII with some considerations.
II. THE LAGRANGIAN AND ITS SYMMETRIES
Our model is based on the scale-invariant Lagrangian
where α, λ, and ξ are positive constant. Normally, one should also add the standard model Lagrangian L SM although, in most theories of inflation, and in our model as well, it can be omitted except, eventually, for the Higgs field. Note that scale invariance forbids the appearance of a cosmological constant term, although such a term may well appear after the breaking of the scale symmetry. The field φ is prevented to interact with the standard model fields due to the SU (3)×SU (2)×U (1) gauge symmetry (except for the Higgs and righthanded neutrinos) but it couples to them indirectly via the metric, a fact possibly relevant for the reheating phase. Also, for the conformally flat FRWL background considered here, the term R 2 is the only one surviving the conformally flat space limit since the Weyl term W αβµν W αβµν vanishes there. We note that if α were to vanish and ξ = 1 the theory would be conformal invariant, but not equivalent to standard general relativity with a Λ-term, as would be the case if the scalar kinetic terms had the opposite sign. We also remark that scale invariance alone (as well as local Weyl invariance) cannot restrict the form of the counter-terms in a perturbative expansion around flat space, as has been suggested in the past [20] , since quantisation necessarily breaks it. The fact remains that the standard model Lagrangian without the Higgs field but with all the fermions massless is obviously scale invariant and could also be added to (1), although we shall not do this for the time being.
Scale-invariance is manifest since the action is invariant 1 under the following active transformation laws
for any constant , which we call dilatation symmetry. There is also a rigid internal Weyl symmetry, with parameter L, under which coordinates do not change, 
is the product symmetry under which
The special case L = is the usual diff symmetry x µ → −1 x µ under which φ(x) transform as a scalar field and g µν (x) as a tensor field, and it is never broken. As a result, if the action is invariant, say, under the Weyl transformation then it is also invariant under dilatations, and viceversa.
We emphasise, however, that there really is a two-parameter (L and ) abelian group of symmetries, although one cannot break one of these without breaking the other unless we also break the diff symmetry 3 .
The derivative with respect to φ, with R fixed, of the effective potential
vanishes at
the first point being a local maximum and the second a local minimum. Thus, in principle there can be a classical symmetry breaking of the scale symmetry (and the discrete symmetry φ → −φ as well, possibly leading to a domain wall structure) that occurs when the scalar field settles in the minimum over some infinite volume region of space-time with constant curvature. This automatically introduces in the theory a mass scale that can be identified with φ 0 . A similar mechanism was studied in [21] , where the quadratic term in R is replaced by another dynamical scalar field, and in a more general context including conformal invariance by Bars et al. [22] . All these models are also inspired by induced gravity models, see e.g. [23] .
For α = ξ 2 /λ, the non derivative part of the Lagrangian density (1) takes the form
which vanishes at the minimum (see also Eq. (11) below). Note that all minima connected by a scale transformation (under the Weyl or product symmetry) have the same vanishing energy. Therefore, the potential has flat directions corresponding to constant Weyl deformations of the the scalar field and of the metric. By defining φ = M exp(σ/M ) and g µν (x) = exp(−2σ/M )g µν (x), for some mass scale M , we see that the interactions could only depends on σ via derivative terms since, for constant σ, the Lagrangian density is invariant.
The field σ is the dilaton of the theory, namely the Goldstone boson associated with the breaking of the rigid Weyl symmetry, and it transforms non-linearly as σ → σ + M log .
In fact, it generates a Einstein-Hilbert coupling M 2 ξR/6, that defines the effective Newton constant (see, for example [24] ). It should be said that in the logic of effective field theory there is clearly room for infinitely many more scale invariant terms in the Lagrangian containing increasing powers of derivatives, but we stick here to the lowest order dominant terms. Having discussed the role of the field φ as a dilaton, we now study the equations of motion on a cosmological background.
We choose a flat Robertson-Walker (RW) metric of the form ds
The Hubble parameter is defined as H = d ln a/dt and the Ricci scalar is R = 12H 2 + 6Ḣ.
There are two independent equations of motion that read
Scale invariance now takes the form of invariance under the rescaling to new fields defined
for an arbitrary that leaves these equations unchanged 4 . For future calculations, it is convenient to write eqs. (6) in terms of the e-folding time N = ln a
Here, the prime stands for a the derivative with respect to N .
The model has three free parameters (α, ξ, λ) but in fact one can be eliminated by requiring that, when both H and φ are constant, the quadratic term in R and the quartic term in φ cancel each other, so that, in the Lagrangian there is a vanishing cosmological constant in this regime. Thus, by setting H = H 0 and φ = φ 0 in eqs. (6), we find that
Then, by imposing the relation
together with the second of the solutions (9), we find that
a relation that will be adopted from now on. Note that the solutions (9) also coincide with the two extrema of this potential since, when H is constant, R = 12H 2 . Their existence displays the broken symmetry phase since the spatial volume of the flat RW metric is infinite. We anticipate that the two extrema corresponds also to the only two fixed points of the system of equations of motion. Therefore, if at least one of these is attractive and stable, the system will dynamically relax to one of the minimum of the effective potential (5) realising a spontaneous breaking of the scale symmetry. But since any minimum is as good as any other, the values of the parameters at the fixed point will be undetermined. It should be stressed that, were it not for the presence of the standard model fields, perturbations around the fixed point corresponding to the minimum of the potential would still obey scale invariant field equations, except that the scale symmetry would perhaps be realised non-linearly. In fact the symmetry is broken in the vacuum, not in the field equations (or in the Lagrangian).
III. GLOBAL EVOLUTION
The most convenient way to analyse the global evolution of the two equations (8) is to convert them into a four-dimensional dynamical system, find its fixed points and study their stability. We first use analytical methods to solve the system, linearised nearby the fixed points. We then verify these results by solving numerically the full equations.
A. Fixed-point analysis
To find the fixed points, we make the substitutions
in eqs. (8) so that we write an equivalent system of four first-order differential equations that reads
By solving the system (w = 0, y = 0, x = 0, z = 0), we find two families of fixed points given by
for arbitrary x. Note that also the fixed points are scale-invariant under a redefinition of
of H).
By computing the Jacobian and the corresponding eigenvalues, we find that at least one is vanishing for both points, so we need to resort to analytical and numerical method to assess unambiguously the stability.
We begin by linearising the system around the point (x, 0, 0, 0, ). The solution is
where c 1...4 are constants of integration. Since also z = w vanishes at the fixed point, if we impose that the latter belongs to the trajectory in the (z, w) plane, then we are forced to set c 3 = c 4 . On the opposite, if both c 3 and c 4 are non-vanishing then we have a saddle point, as z(N ) is a combination of growing and decaying modes, since ξ > 0 by hypothesis.
We conclude that the point (x, 0, 0, 0) is a saddle point: the Hubble parameter tends to a constant while the scalar field grows dragging the system away from it.
Let us analyse the second fixed point, focussing on the positive solution (x, 0, 2x ξ/λ, 0).
In this case, the general solution to the linearised system is
where K = 1 2 √ 7 + 64ξ and S(N ) = sin(KN ), C(N ) = cos(KN ). We clearly see that the fixed point is stable, it is an attractor that is reached through damped oscillations of both H and φ.
The breaking of the scale invariance occurs when the the solution begins to oscillate around the stable fixed point and the sum of the quadratic term in R and of the quartic term in φ vanishes through damped oscillations. At this stage, the prefactor of the linear term in R becomes constant and dimensionally equivalent to a mass scale. Thus, it is natural to make the identification
from which, as anticipated above, we find that
The non-zero value of the Hubble parameter at the stable fixed point, say H , could in principle account for a fundamental non-vanishing cosmological constant. However, this is true, in fact, only if the model that we have chosen is all there is, so H would persist for all time. According to the present understanding, after inflation the Universe enters a radiation-dominated era during which the standard model Lagrangian that we omitted initially becomes important and scale invariance is also broken at the level of the Lagrangian (for example by the Higgs mass term). Therefore, it seems more sensible to think of H as the initial value of the Hubble parameter at the onset of the radiation-dominated era, whose value is valid at some precise epoch only. From there on it would start decreasing according to the standard cosmology.
We can appreciate the difference between these two interpretations in a simple way. If
H is related to a fundamental cosmological constant then in the infinite future, when all the matter content of the Universe is diluted away and oscillations are damped out, we can write the equality
where Λ is the "relic" cosmological constant, which is of order (10 −42 Gev) 2 . With the help of the equations above, we also find that
apparent from the equivalent formula
Alternatively, we can express the parameter ξ in terms of Λ as
and treat H as an initial data. The scale of the Hubble parameter at inflation is roughly H ∼ 10 14 Gev, which gives, assuming again ξ ∼ 1, a coupling λ ∼ 10 −8 (a weakly coupled scalar is good for inflation). Furthermore, using the relation
where
Gev is the present value of Hubble constant, we get the redshift z = 10
29
and further 67 e-foldings from there to the present era.
To summarise, the picture that emerges from these findings is that in the solution space there are trajectories that connect an inflationary Universe to a graceful exit characterised by damped oscillations that can produce particles through standard model reheating mechanisms. In addition, the model has a "residual" Hubble parameter H which can either be interpreted as a residual cosmological constant, which would be a wrong interpretation, or as the initial data for the beginning of the radiation-dominated era. In that case the model does not explain the late time acceleration, but in the former case it requires a tremendous amount of fine tuning and an unnaturally small coupling parameter λ.
B. Numerical analysis
In this section we solve numerically the equations (8) and we check that the analytical results found above are consistent. First, we confirm the stability character of the fixed points and then we show that there are trajectories that connect an inflationary Universe to a graceful exit with a reheating phase. We choose the values λ = 1/10 and ξ = 15 and we consider 5 The choice ξ ∼ 1 can be argued on the ground that ξ = 1/6 gives a conformally invariant theory if the scalar field is a ghost, a situation that one can imagine to occur at even earlier times. Also, with ξ ∼ 1 one has φ 0 ∼ M p . (right) we plot the evolution of the Hubble parameter and we see a plateau followed by an oscillating phase. The same behaviour occurs for φ(N ) as shown in fig. (2) (left) . In fig. (2) (left) we plot instead the "effective" cosmological constant, defined as
and we verify that it vanishes as the Universe approaches the stable fixed point. Of course, the true evolution of the Hubble parameter after the oscillating phase is expected to be ruled by the matter fluid created via preheating, so these plots are no longer realistic after the first few oscillations of H(N ). 
IV. INFLATION
The inflationary phase of this model can be identified with the plateau clearly visible in the plot on the right in Fig. 1 . We can give an approximate analytic description of this phase in the following way. From the first of eqs. (8) we can write the expression of the first Hubble flow parameter (expressed as a function of N ) that reads
Our goal is to constraint the parameters in such a way that inflation lasts a sufficiently long time. Conventionally, the end of inflation is marked by the time N e at which 1 = 1 while, for N < N e , 1 < 1. The unstable fixed point is characterised by an arbitrary value of H and vanishing φ. From eqs. (15), we know that, around the fixed point, we can approximate
where the subscript i indicates a quantity evaluated at the beginning of inflation. We neglect the exponentially decreasing part of H(N ) as it is irrelevant for the calculation. By replacing these expressions into eq. (25), we find that 1 = 1 when
which roughly fixes the necessary condition that guarantees ∆N = 50 − 60 e-folding of inflation.
These rough estimates are sufficient to show that there is an infinite number of inflationary trajectories springing from any point in the phase space close enough to the unstable fixed point in the Jordan frame. All these trajectories eventually end up at the stable fixed point where a mass scale emerges. Among these, only the ones satisfying the constraint (28) are suitable to describe our Universe.
V. REHEATING
From the results in the previous section we learn that the model (1) can describe an inflationary phase followed by a damped oscillations of the Hubble parameter and of the scalar field around a stable fixed point that breaks scale invariance and sets a mass scale. In this section we wish to study closely the oscillating phase and verify whether it can provide a reheating mechanism. This is necessary in order to connect the inflationary Universe to a radiation-dominated phase.
By using the explicit expression (16) for H(N ) close to the fixed point we find that the scale factor averaged over several oscillation evolves as a ∼ t 2/3 . This indicates that the Universe expand as it was dominated by non-relativistic matter therefore we need some other mechanism to heat up the post-inflationary Universe into radiation-domination. We now explore some of the possibilities.
A. Old reheating scenario
The "old reheating" model is based on the assumption that the scalar field can decay into boson pairs χ (a pale simulacrum of the standard model fields) with a decay rate inversely proportional to the inflaton mass (for reviews on reheating see [25] ). The Lagrangian (1) must therefore be augmented with new terms related to χ which, in the minimally coupled case, read
where g is the dimensionless coupling and m χ is the mass of the decay product field χ.
Note that the scalar field φ is kept massless as a relic of the overall scale invariance of the initial action L inv . However, nearby the stable fixed point, the scalar field oscillates around the equilibrium value φ 0 . Thus, we can expand the Lagrangian (29) around φ 0 upon the replacement φ → φ − φ 0 . The relevant terms for the decay φ → χ + χ are given by
where m φ is the effective mass for the inflaton that reads
where we replaced R with its average value R = 12H 2 0 and we used the second of eqs. (9). The decay rate can be estimated by the quantity
and, in the case when m χ m φ the decay φ −→ χ + χ is possible and transfers the energy stored in the field φ into the gas of relativistic particles χ. The process stops at a time H ∼ Γ when the gas can finally thermalise at the reheating temperature
where we used the relation (18).
B. Preheating
A conspicuous particle production is possible via parametric resonance of a scalar field χ coupled to φ in a way similar to the preheating scenario [26] . Let us consider once more the Lagrangian (29) and let us compute the Klein-Gordon equation associated to ξ, by neglecting for simplicity the mass term m χ . In terms of Fourier modes, such equation can be written in the standard form
which describes an oscillator with the time dependent frequency
In standard preheating, one defines the adiabaticity parameter
which characterise particle production. In general, whenever A 1 the production rate is negligible. When this condition does not hold anymore, adiabaticity is broken and particle production can become effective. In the present case, we have
where we have considered long-wavelength only, i.e. modes with with k/(aH) 2π. We see immediately that the adiabaticity condition is broken when φ approaches zero.
However, as we will shortly see, there is another particle production regime, which occurs when the oscillating function H periodically vanishes around the fixed point. In this case, the adiabaticity condition, expressed as A 1, is not violated but particle creation can still occur. This situation arises because there are more degrees of freedom as in usual preheating.
If we look at the Einstein frame we basically have two scalar fields (one corresponding to the usual inflaton and the other associated to the quadratic term in R) that can amplify coupled light fields (for preheating in multified inflationary scenarios see [27, 28] ).
Since we know explicitly the functions H(N ) and φ(N ) around the stable fixed point (see eqs. (16)), we can solve equation (34) almost exactly. We first define the new function
in terms of which we can express the comoving k-th bosonic occupation number
which is obtained by inverting the usual formula for the harmonic oscillator (with = 1)
Then, eq. (34) becomes, in terms of N -derivatives
Let us now consider eqs. (16) . We neglect the fast decaying part (i.e. we set c 2 = 0) and we consider K 1. As a result we can approximate these functions as
where H 0 and φ 0 are related by the second of eqs. (9) and where
If we further assume that, at least during the first oscillations, H 0 T (N ) and φ 0 γT (N ), then eq. (41) can be written as
where we consider P = k/(aH) 1 and constant. This equation can be solved in two distinct physical regimes, both yielding particle production.
C. φ -amplification
We have seen that the condition (37) is violated when φ vanishes. This corresponds to T (N ) → 0 while T (N ) is finite. In this regime, which occurs periodically, eq. (44) simplifies
which can be solved with a linear combination of the modes
as general solution. With these, it follows immediately that the comoving number mode evolves as
every time N is close to the critical value for which T (N ) vanishes. Therefore, we recover the standard preheating picture of a periodic burst of particles every time the adiabaticity condition is violated. Note that this result is independent of the sign of g 2 , so it can occur also for tachyonic couplings.
D. H -amplification
In alternative to standard preheating that occurs when φ(N ) vanishes, there can be another particle production mechanism when H(N ) vanishes. In this regime in fact we can expand eq. (44) as
. This is a standard equation that can be solved in terms of
Bessel's functions
where z ≡ N − N 0 , b 1,2 are integration constants and ν = 1 − g 2 γ 2 . In the limit of small z, the second term becomes dominant so [29] 
which becomes very large for small z when 1 < ν, namely when −g 2 > 0. It is not hard to see that the same happens for the comoving particle number n k , see eq. (39). This means that we can have particle production in the regime when H(N ) approaches zero while φ(N )
is finite, provided the interaction term in L χ has g 2 < 0, as in the tachyonic preheating mechanism [31] .
In summary, according to the sign of g 2 , we have two distinct particle amplification mechanisms. The first is the usual preheating model, which occurs when the oscillation of the field φ is no longer adiabatic, and it is valid for either signs of g 2 . The second occurs when g 2 is negative as in tachyonic preheating, which implies "negative" effective square masses in the action but poses no stability problems if the potential is bounded from below.
VI. ANALYSIS IN THE EINSTEIN FRAME
We now come back to the inflationary phase of the model. As mentioned above, the analysis of this case is more transparent in the Einstein frame. The Lagrangian (1) can be written in the form
where we define the auxiliary variable [30] 
The variation with respect to ϕ vanishes only for ϕ = R thus we can transfer the extra degree of freedom embedded in the R 2 term by formally introducing in (51) the field
to obtain the equivalent Lagrangian
where we have used the relation (11). This form describes two coupled scalar fields still in the Jordan frame. Note that χ has canonical mass-dimension two, just like the BransDicke scalar, and that the action still enjoys the rigid Weyl symmetry scaling defined by
To study the dynamics in the Einstein frame we apply the conformal transformatioñ
As a word of caution, we note that the mass scale M is arbitrary and it is inserted uniquely for dimensional consistency. In particular, we note that under the rigid Weyl symmetry scaling above, Ω is invariant if, and only if, M → L −1 M .
As we will emphasise below, M has no relation with the breaking of scale invariance, which is still there, nor with any dynamically generated mass in the theory.
If we further define the field
the Einstein frame Lagrangian become
whereR is the Ricci tensor in the Einstein frame (see appendix D of [36] ) and where
The Lagrangian is not yet canonical because of the factor that multiplies the kinetic term of φ. Eventually, this term can be written in canonical form provided one introduces the new scalar field defined by the differential relation
but, for our purposes, this is not necessary.
To study the equations of motion, we find convenient to define the following quantities
The Lagrangian finally reads
where we dropped the tilde to simplify notation. The Friedmann equations, with a flat Robertson-Walker metric are
while the Klein-Gordon equations for the two scalar fields arë
We stress once again that scale invariance is still present in the equations above, despite the appearance of a the mass scale M . In fact, the equations of motion are invariant under the (actively interpreted) scale transformations
consistently with the transformations (7). The last transformation may seems a trivial change of units, but actually it is not since M is the scale of a dynamical field, which is not neutral under dilatations. To be more precise, since dilatations (both in classical theories as well as in their quantum version) map the square of the four momentum P 2 into −2 P 2 , scale invariance requires that all masses either vanish or form a continuous spectrum, but says nothing about parameters like M that are introduced only for dimensional purposes and are not part of the mass spectrum (after all, the scalar field itself is a mass from the dimensional analysis point of view, although its scale is arbitrary anyway).
As it will be apparent below, all the observables of interest here (such as number of e-folds and spectral indices) are independent of M , which reflects the fact that M is a so-called redundant parameter, as we explicitly show in the Appendix. For these reasons, in the following we keep considering M as an arbitrary mass scale.
The analysis of the dynamical system associated to the equations above, analogous to the one made in the Jordan frame, confirms that there are two fixed points. As before, one is unstable and located at
for arbitrary f unst . The instability is confirmed by solving the linearised system around this point, which yields ψ ∼ t, φ ∼ ± 3λ/ξ M t, revealing that both fields have growing modes.
The second fixed point is stable and located in
where, for the last identity, we used the relation (18) and the fact that the φ-coordinate of the unstable fixed point is unchanged upon the conformal transformation. The general solution of the linearised system contains oscillating, decreasing and growing modes but, since this fixed point must also haveḟ =φ = 0, the latter are excluded from the spectrum.
Therefore, the physical solution is a combination of decaying (and oscillating) modes only.
Note that, as in the Jordan frame, the potential and the cosmological constant term cancel each other at the stable fixed point. Note also that the ratio
is independent of the parameters.
An observation is in order here. The relation between the Hubble parameter in the Jordan frame (H J ) and the one in the Einstein frame (H E ) is given by H J = ΩH E [32] .
One can easily check that this formula holds at the stable fixed point, where Ω stab = √ 2.
For the unstable one it holds as well provided one recognises that the conformal factor at the unstable point depends on f unst , which is arbitrary. This is why H J unst is arbitrary while H E unst is not.
it is important to clarify first that H unst does not characterise the inflationary value of the Hubble parameter in the Einstein frame. In fact, the inflationary trajectories are uniquely determined by the condition |φ| = |φ| 1, which is the same as in the Jordan frame (we stress once again that the scalar field is the same in the two frames). Therefore, eq. (66) is not the ratio between the current Hubble parameter and the inflationary one. With this in mind, we consider φ very small and constant, so we can neglect the term (∂φ) 2 , and write the Lagrangian (60) as
We see that the effective action is quite similar to the Starobinsky model written in the Einstein frame. In fact, we now show that the model (67) predicts the same spectral indices, at least to the first order in the slow-roll parameters. To see this, we compute
and the scalar spectral index and the tensor-to-scalar ratio, given respectively by
Since φ is constant, we can eliminate it by combining n s and r. The resulting expression is quite involved but can be expanded for n s → 1 giving
which is the same expression found for the Starobinsky model. Let us now define the function
The number of e-foldings between some initial value of ψ i and the end of inflation at ψ f is defined by
The value ψ f is conventionally set at the earliest time at which = 1 or |η| = 1. In our case we find that = 1 occurs before |η| = 1 and that N (ψ f ) 0.78. Since inflation must last at least N = 50 e-foldings we can safely neglect N (ψ f ). At last, since during inflation (i.e. near the unstable fixed point), we also have φ/M 1, we expand the expression for around φ = 0, we integrate eq. (72), we identify N = N (ψ i ) and we find
If we insert this result in the expressions (69) and (70) to eliminate again φ, we find
These results coincide with the prediction of the Starobinsky model, independently of the the value ψ i and with the only condition φ/M 1, i.e that inflation begins close enough the unstable fixed point of the system.
As anticipated above, these results are independent of the choice of M , which is arbitrary in light of the intrinsic scale invariance of the model. We believe that a more sophisticated analysis of the perturbations, which goes beyond the scope of this paper, can determine to what measure this model differs from the original Starobinsky model, see e.g. [33] for suitable techniques.
VII. CONCLUSION
In this paper we have examined a simple theory based on a scale-invariant Lagrangian with quadratic gravity and a non-minimally coupled scalar field. Scale invariance spontaneously breaks when the field configuration approaches a stable fixed point, where a mass scale emerges. The latter can be identified with the Planck mass but the inflationary observables are independent of such a choice. In fact, as there are infinitely many minima, the precise choice of the value of M has to be made by hand or possibly via anthropic arguments.
The model as it is cannot predict the value of the effective Planck mass. If no other fields are introduced into the model, the perturbations around the fixed point are still governed by scale invariant field equations, with the symmetry realized non linearly (the symmetry is broken in the vacuum, not in the Lagrangian). However this is unrealistic: according to standard lore, during reheating the standard model fields get excited and even perturbations breaks the original scale invariance, which is lost forever.
The global evolution of the system brings the Universe from an inflationary phase to a graceful exit, when the Universe reheats through various mechanisms that have been reviewed. From the phenomenological point of view, the inflationary predictions of this model are the same of Starobinsky's inflation but, in contrast to the latter, there is no need to introduce a second mass scale.
An interesting feature is that, in principle, the model depends only on two parameters, namely the strength of the non-minimal coupling of the scalar field to gravity and the strength of the scalar quartic self-interaction. However, the inflationary predictions are in fact independent of these parameters, at least at the leading term, and this reflects again the underlying scaling symmetry.
The dynamical evolution of this system towards the stable fixed point at a non-zero value of the Hubble parameter can be interpreted as the existence of a relic cosmological constant, which may be compatible with current observations at the price of an extreme fine tuning of the scalar self-coupling. In this case one should remember that the effective value of the cosmological constant can be affected by several other kinds of contributions, including the vacuum energy of quantum fields or the classical dynamics of Yang-Mills fields [34] . Alternatively, it can be considered as the initial value of the following radiation era, in which case it will start to decrease in the usual way from a value around 10 14 Gev to the present, but the late time acceleration has to be obtained by other means.
There are several aspects that are left for future work. First of all, the weight of quantum corrections has not been computed here. In fact, it may be possible that these alter the stability configuration of the system or the inflationary predictions. Another aspect to be studied is preheating in the Einstein frame, where there are two scalar fields interacting. At the classical level, these fields undergo damped oscillation but, at the quantum level, they might interact and produce other particles through resonant amplifications. In addition, the inflationary dynamics is essentially determined by both scalar fields, although the fixed point analysis justifies the choice of a very small and constant φ made in the previous section.
In general, it would be interesting to study the model also when these conditions on φ are relaxed. Finally, the theory presented here is minimal, in the sense that there are several other terms that are scale invariant and that could be added to the Lagrangian (1). We believe that our model is sufficient to capture the main characteristics but it would certainly interesting to consider more general setups.
